An endomorphism f of an Abelian group A is said to be inessential (in the category of Abelian groups) if it can be extended to an endomorphism of any Abelian group which contains A as a subgroup. In this paper we show that f is as above if and only
Introduction
Throughout this paper, we will follow the terminology of [2] . Let M be an object of a category C and f ∈ End(M ), f is called inessential (in C) if for any monomorphism σ : M → N there existsf ∈ End(N ) such thatfσ = σf , in other words the following diagram
Ines(M ) denotes all the inessential endomorphisms of M . M is called rigid if End(M ) = Ines(M ). For a concrete category C, the characterization of the inessential endomorphisms is one of the problems raised in [2] . In this paper, we take C = Ab the category of the Abelian groups and we show for an Abelian group A, and an endomorphism f of A, that f is inessential (in Ab) if and only if there exists v ∈ Z such that
where D is the maximal divisible subgroup of A. In particular if A is reduced then Ines(A) = Z id A . The proof of this result uses the properties of the endomorphisms of some extensions of certain direct sums of torsion cyclic groups.
From now on, the word group means Abelian group and we adopt the notations of [3] .
Some constructions
Construction 1. Let (α n ) n≥0 be a sequence of natural numbers such that α n < α n+1 and 2α n+1 − α n + n + 3 ≤ α n+2 , ∀ n ∈ N. If we put θ n = α n − α n−1 − n for n ≥ 1 then we have θ n − θ n−1 ≥ n, n ≥ 2. Let p ∈ N * and (t n,m ) n≥m be a set of nonzero natural numbers, relatively prime with p such that t i,j t j,k = t i,k if i ≥ j ≥ k.
We consider the direct product n≥1
x n with o(x n ) = p αn and denote by ϕ k : n≥1
x n → x k the canonical projection. For m ≥ 1, we define the element g m of n≥1
x n by ϕ n (g m ) = 0 i fn < m p αn−αm x n if n ≥ m.
We directly check that o(g m ) = p αm , x m = g m − p αm+1−αm g m+1 and
Let m ∈ N * and ξ a function from N into {0, 1}, we define the element S(m, ξ) of n≥1 x n by
We have
Let K 1 be the subgroup of n≥1 x n generated by
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x n is a subgroup of K 1 and for all
Proof: Let λ ∈ End(K 1 ). Let us show at first that there exists N 0 ≥ 1 such that if n > m ≥ N 0 then ϕ n (p αm−m λ(x m )) = 0.
If not, we can find a sequence (m k ) k≥1 such that for all k ≥ 1, there exists n k > m k with ϕ n k (p αm k −m k λ(x m k )) = 0 and α n k ≤ m k+1 . Let ζ : N → {0, 1} be the function defined by ζ(n) = 1 if n ∈ {m k /k ≥ 1} and ζ(n) = 0 otherwise. We can write:
for k large enough. Therefore it exists k 2 ≥ 1 such that v(n k ) =0, ∀ k ≥ k 2 , which is absurd. Thus there exists N 0 ∈ N such that: p αn−n λ(x n ) = p αn−n r n x n , ∀ n ≥ N 0 , where r n ∈ Z. Since T (K 1 ) = m≥1 g m and α k ≤ α n − n for k < n, therefore p αn−n λ(g n ) ∈ p αn−n ( k≥n vg k ). Let m ≥ N 0 and put for n ≥ m, u n = l if p αn−m λ(g n ) = p αn−m l k=n t k g k with (p αn−m t l g l = 0 and l > n) and u n = 0 if p αn−m λ(g n ) ∈ p αn−m g n . Since x n = g n −p αn+1−αn g n+1 , it is easy to see that the sequence (u n ) n≥m is decreasing. Since for u n = 0 we have u n > n, then there exists M m ≥ m such that u n = 0, ∀ n ≥ M m . Therefore p αn−m λ(g n ) ∈ p αn−m g n , ∀ n ≥ M m . Let ξ 0 (n) = 1, ∀ n ∈ N. We can write:
Since the set {w(n +1)− w(n)/n ∈ N} is finite, then there exist v 0 ∈ Z and N 1 ∈ N such that w(n) = v 0 , ∀ n ≥ N 1 . It is clear that p s−1 divides v 0 . Finally if we put v 0 = p s−1 v, we can find N ∈ N such that t s,1 p αn−n λ(x n ) = p αn−n vx n , ∀ n ≥ N .
Construction 2.
Let (α n ) n≥0 be as in Construction 1, and let p and q be two natural numbers different from zero and relatively prime, we consider the two direct products n≥1
x n and n≥1 y n with o(x n ) = p αn and o(y n ) = q αn , ∀ n ≥ 1.
The elements h m of n≥1 y n are defined in the same way as the g m of n≥1
x n (see Construction 1). The elements S 1 (m, ξ) (respectively
x n (respectively n≥1 y n ) are defined like S(m, ξ) of Construction 1 with t n,m = q n−m (respectively t n,m = p n−m ).
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We put
x n be the canonical pro-
In the same way there are s 2 , N 2 ∈ N and v 2 ∈ Z such that p s2 q αn−n λ(y n ) = q αn−n v 2 y n , ∀ n ≥ N 2 . We can take s 1 = s 2 = s and N 1 = N 2 = N . Let ξ 0 (n) = 1, ∀ n ∈ N, we
We can take m ≥ 1 + s. By applying µ to this equality, we obtain:
Then for n large enough
If we put v 1 = q s v and v 2 = p s v, then we can find N ∈ N such that p αn−n λ(x n )=p αn−n vx n and q αn−n λ(y n )=q αn−n vy n , ∀ n ≥ N. 
x n are defined as in Construction 1 with
and for all λ ∈ End(K 3 ), there exist v ∈ Z and N, s ∈ N such that t s,1 p αn−n λ(x n ) = p αn−n vx n and t s,1 λ(z n ) = vz n , ∀ n ≥ N .
x n be the canonical projection. Then µ(K 3 ) = K 1 is the group of Construction 1. Let λ ∈ End(K 3 ), the endomorphism λ 1 of K 1 defined by λ 1 (µ(X)) = µ(λ(X)), ∀ X ∈ K 3 , is well defined. According to Lemma 2.1 there exist s, N 0 ∈ N and v ∈ Z such that t s,1 p αn−n λ 1 (x n ) = p αn−n vx n , ∀ n ≥ N 0 . It is clear that λ(z n ) ∈ z n , ∀ n ≥ 1. Putting λ(z n ) = k n z n , ∀ n ≥ 1, we consider ξ 0 : N → {0, 1} with ξ 0 (n) = 1, ∀ n ∈ N we can write:
where r and p are relatively prime and m ≥ s. By applying µ to this equality, we obtain:
Following the same steps as in Lemmas 2.1 and 2.2, we can find
If n ≥ m, then q βn n divides t m,1 p m−1 k n −v(n). Finally there exists N ∈ N such that t s,1 p αn−n λ(x n ) = vp αn−n x n and t s,1 λ(z n ) = vz n , ∀ n ≥ N .
Characterization of the inessential endomorphisms in the category of the Abelian groups
In the following, we suppose that A is a group, and f an endomorphism of A satisfying the following property. x n and o(x n ) = q αn , ∀ n ≥ 1. Let K 1 be a subgroup of n≥1 x n defined in Construction 1 (with t n,m = 1, ∀ n ≥ m). There exists a commutative diagram, whose rows are exact, and which has the following form: [3, 24 .6]). We can findf ∈ End(B) and λ ∈ End(K 1 ) such that fσ = σf and λµ = µf . By Lemma 2.1, there are v ∈ Z and N ∈ N such that q αn−n λ( For each n ≥ 1, we consider a n as an element of the group X n with p αn X n = a n . There exists a group G such that:
We put x n = X n + A, then G/A = n≥1 x n and o(x n ) = p αn , ∀ n ≥ 1.
By [3, Proposition 24 .6], there exists a commutative diagram, whose rows are exact, and has the following form:
. There arẽ f ∈ End(B) and λ ∈ End(K 1 ) such thatfσ = σf and λµ = µf . There exist v ∈ Z and N ∈ N such that p αn−n λ(x n ) = vp αn−n x n , ∀ n ≥ N (Lemma 2.1). We have for each n ≥ N , µ[p αn−n (f (X n ) − vX n )] = 0, so that (f (a n ) − va n ) ∈ p n A.
Let us put f (a n ) = k n a n (Corollary 3.2), then we have p n divides k n − v, ∀ n ≥ N . By using again Corollary 3.2, we can establish easily that f (a n ) = va n , ∀ n ≥ 1. Let b ∈ T q with q = p, and put o(b) = q s . Let us consider the free group L = n≥0 e n . Let L 0 be the subgroup of L generated by {q s e 0 } ∪ {q αn e n − e 0 /n ≥ 1}.
We consider b as an element of L = L/L 0 by identifying b with e 0 = e 0 + L 0 . There exists a group G 1 such that
We put x n = X n + A and y n = e n + A, then o(x n ) = p αn , o(y n ) = q αn . ∀ n ≥ 1, and
Let K 2 be the group of Construction 2, there exists a commutative diagram, whose rows are exact, and has the following form:
There existf 1 ∈ End(B 1 ) and λ 1 ∈ End(K 2 ) such thatf 1 σ 1 = σ 1 f and λ 1 µ 1 = µ 1f1 . By Lemma 2.2, there exist k ∈ Z and M ∈ N such that p αn−n λ 1 (x n ) = kp αn−n x n and q αn−n λ 1 (y n ) = kq αn−n y n , ∀ n ≥ M . For n ≥ M , p αn−n µ 1 (f (X n ) − kX n ) = 0 and q αn−n µ 1 (f (e n ) − ke n ) = 0 and so (f (a n ) − ka n ) ∈ p n A and (f (b) − kb) ∈ q n A. Then k = v and f (b) = vb. Therefore it is easy to deduce that f (a) = va, ∀ a ∈ T (A).
2nd case: T p is bounded for any prime number p. We can write T (A) = n≥1 T pn and let for each n ≥ 1, b n ∈ T pn such that b n is a direct summand of T pn and o(b n )T pn = 0. We put o(b n ) = p βn n and we consider b n as an element of the group Z n with p βn n Z n = b n . We take m ≥ 1, there exists a group H such that A ≤ H, ( and [3, Proposition 24.6], as before, we can find r 1 ∈ N * whose only prime factors are p m , . . . , p m , m ≥ m and (v 1 , N 1 ) ∈ Z × N such that r 1 f (b n ) = v 1 b n , ∀ n ≥ N 1 . in the same way there exists r 2 ∈ N whose only prime factors are p m +1 , . . . , p m (in particular r 2 ∧ r 1 = 1) and
We now suppose n 1 < N and put p = p n1 , β = β n1 . Let L = n≥0 e n be the free group and
Now put x n = e n + A (e n = e n + L 1 ) and z n = Z n + A, then o(x n ) = p αn , o(z n ) = p βn n and
By applying again Lemma 2.3 and [3, Proposition 24.6] we show that f (a n1 ) = va n1 . Thus f (a n ) = va n , ∀ n ≥ 1 and thereafter f (a) = va, ∀ a ∈ T (A). Proof: Let a ∈ A with a = 0. There exists a prime number p such that a / ∈ n≥0 p n A. According to Lemma 3.1 there exists v ∈ Z such
Let a ∈ A, we will show that f (a) ∈ a . We Suppose that (f (a) − va) = 0, then there exists a prime number p such that (f (a) − va) / ∈ n≥0 p n A. By Lemma 3.1, there exists r ∈ Z such that (f (a) − ra) ∈ n≥0 p n A, there also exists for all q ∈ N * an r q ∈ Z such that (f (a)−r q a) ∈ n≥0 (pq) n A. Assume r q = r for some number q.
Since (r − r q )a ∈ n≥0 p n A, then there exists s ∈ N such that p s a ∈ n≥0 p n A. Therefore ∀ n ∈ N, there exists a n ∈ A such that p s (a−p n a n ) = 0, it follows that f (a−p n a n ) = v(a−p n a n ) and hence (f (a)−va) ∈ p n A, which is absurd. Thus r q = r, ∀ q ∈ N * and thereafter f (a) = ra. Now, we will distinguish two cases: Finally
Let σ : A → S ⊕ A 0 , σ(nx + a 0 ) = nx + a 0 . Then there existsf ∈ End(S ⊕ A 0 ) such thatfσ = σf . If we put f (x) = mx + a 0 with m ∈ Z and a 0 ∈ A 0 , we get a 0 =f (x) − mx ∈ S ∩ A 0 = 0 which implies that a 0 = 0 and thereafter f (x) = mx. Therefore if x is a direct summand of A, then f (x) ∈ x . By Lemma 3.5 there
Show first that ρ(T (A)) = 0. Let B be p-basic subgroup of T (A) (p is a prime number), B = i∈I
Then ρ(B) = 0 and thereafter ρ(T (A)) is p divisible. Therefore The homomorphism ρ : A/T (A) → A where ρ(a + T (A)) = ρ(a) is well defined and ρ(D/T (A)) = ρ(D) = 0 because D/T (A) is divisible and A is reduced. There exists a torsion-free divisible group C such that A/D ≤ C. By [3, Proposition 24.6], there exists a commutative diagram, whose rows are exact, and has the following form:
Let D 1 be the maximal divisible subgroup of A 1 , D ∩ D 1 is then divisible.
In fact if x ∈ D ∩ D 1 and n ∈ N * , we can write x = ny with y ∈ D 1 and µ(x) = nµ(y) = 0 so µ(y) = 0 because C is torsion-free, therefore y ∈ D. Since A is reduced, then D ∩ D 1 = 0. there exists f 1 ∈ End(A 1 ) such that f 1 (a) = f (a), ∀ a ∈ A.
If we put ρ 1 = f 1 − v id A1 , we have ρ 1 (A) = ρ(A) ⊆ A 1 ⊆ D, from an other side the homomorphism ρ 1 : A 1 /D → A 1 such that ρ 1 (a 1 + D) = ρ 1 (a 1 ), for a 1 ∈ A 1 , is well defined. Thus ρ 1 (A 1 ) is divisible and thereafter ρ 1 (A 1 ) ⊆ D 1 . We then conclude that ρ(A) ⊆ D ∩ D 1 = 0 which implies that ρ = 0. 
The second assertion is easy to establish.
We end this paper by the following remarks:
